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S^ ■ We compute the effective potential of a system composed by a Dp 

brane and a separated Dp brane at tree level in string theory. We 
show explicitly that the tachyon condenses and that the scalars 
which describe transverse fluctuations acquire a vev proportional 
to the distance. 
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1 Introduction. 

Since the beginning of the second string revolution most of the researches have 
been devoted to the BPS spectrum since the BPS states can be reliably followed 
from the weak to the strong regime. In the last period a mounting attention 
has been dedicated to non BPS states which cannot decay because of some 
symmetries or because of some topological obstruction (Mf||,[fj),|§|,|§|)- Many 
of these states have been constructed as bound states of brane-antibrane systems 
with a topologically non trivial gauge configuration: it has then been shown that 
these non BPS configurations are classified by the appropriate if-groups of the 
spacetime where the branes are living. It has also been argued (||) that when 
the tachyon which is present in these systems condenses the vacuum energy is 
equal and opposite to the brane tension, in such a way that the system energy 
density is the same of the spacetime vacuum. 

Our purpose is to perform an explicit tree level computation of the effective 
potential on the brane belonging to a system made of a Dp and a parallel, 
separated Dp in type II theory. A similar computation for the case Dp—D(p+2) 
has already been performed in (||]) where the computation turned out to be 
quite technical because they considered the branes coincident and they should 
switch on a constant magnetic field in order to be able to control the tachyon 
mass and then extract the exact quartic coupling for the tachyon. We will use 
a different approach and we will consider separated branes in such a way that 
the tachyon mass becomes zero at a certain distance which we call the critical 
distance. It turns however out that this is not strictly necessary and we are able 
to determine the quartic tachyonic potential for all the distances in an interval 
around the critical distance, i.e. for all the possible tachyonic mass such that 
a'm 2 — > as a' — > 0, in a unique way without any assumptions. In order to 
have a better check of our computations we will consider a compact space in the 
brane directions and we will switch a constant gauge field on in these directions. 

The paper is organized as follows. In section 2 in order to fix our notations 
we write the CFT of a bosonic string with total charge not zero propagating on 
R (g> T D ~ X with a constant gauge field background. In section 3 we write the 
CFT for a system composed by a brane and a separated antibrane in the bosonic 
string, in particular we write the vertex operator which creates the tachyon 
present in such a configuration. In section 4 we perform the main computation 
and we derive the coefficients entering the effective lagrangian. Finally in section 
5 we write explicitly the effective potential and we derive our conclusions. In a 
series of appendices we carefully write down our conventions, perform the QFT 
computations which are necessary to compare the string amplitudes and write 
down the vertex operators which we use. 



2 The CFT of an open bosonic string on a toroidal 
space with constant Wilson lines. 

We start considering the action for a open bosonic string in a background with 
constant Wilson lines using the Polyakov formalism 

S = -^[<PZV=gg afl d a Xi t dfiX v G lu ,+eo[a ll dX'>+e*[ardXi> (2.1) 

with G^ the metric of the space R ® T D ~ l and eo + e v ^ 0. 

If we limit to consider the diffeomorphisms which leave unchanged the range 
of the spatial coordinate f * = er as [0, n] then both 8(a) cPt; and 8(ir — a) d 2 £ 



are well defined and diffeomorphism invariant, so that the previous action (2.1) 
can be rewritten as 

S = ~ 4^ / ^ y^ 9 ^ d - X ^ d (i XU G ^ + (~ W) (co 8(a) + e v 8(ir - a)) a^ d X»] 

(2.2) 
In this form it is evident that the Virasoro constraints are unchanged while the 
canonical momentum gets a contribution from the Wilson lines. 

In particular choosing the conformal gauge we get the usual solution for the 
equations of motion: 

X" = x tt + 2a'p f *T + iV2rt J2 -< e ~ inT cosncr ( 2 - 3 ) 

which yields the usual hamiltonian 

oo 

H = L = a'p 2 + Y^ a-n ■ a„ (2.4) 

but the canonical momentum 

dX^ 2ita 

gets shifted^. While the shift of the non zero modes has not effect, the shift on 
the zero mode implies that the eigenvalues of pt are not the usual -^ L - but they 

are -S^ + tt (eo + e w ) a, because the true conjugate momenta to the a; M variables 
are 

ttcv = Pn + 7T (e + e w ) a^, [x M , 7r „] = i 5% 

whose eigenstates Ifc^ >, no^k >— k^\k >, have the usual eigenvalues ki — 
■^-because of the compactness of the spatial directions.. This has the impor- 
tant consequence that the vacuum of the theory \fl(a) >has not zero energy, i.e. 
it is not annihilated by Lq generator (BJ) . Moreover for some peculiar values of 



We use the expansion II M = ^ y] 7r n/J cos na 



(eo + e„) cii the vacuum is degenerated, more explicitly for every spatial direc- 
tion zo such that ir (eo + e n ) a^ = 9 2 B +1 with leZwe have a U{1) degeneration 

since all \Q(a),6 >= cos(9)\k = -I > + sin(6>)|fc = -I - 1 >, where \k = I > 
is shorthand notation for the eigenstate of 7Toi with eigenvalue -5-^ — , have the 
same vacuum energy. 

The fact that the ground state |0(a) > is not the sl(2) invariant vacuum 
has another important effect, analogous to what happens in R sector of the 
usual NSR theory and which can be exemplified by the following correspondence 
between the tachyonic state and its vertex operator: 

|fc, fi(a) >= e lk - x \n(a) >< — ► V tach (k; a; x) =: e <(*-Hr(«o+0«)-X(«) . (2 5) 

a' (k + n (e + e„) af = 1 (2.6) 

where the shift in the momentum in the exponent of the vertex operator is funda- 
mental for getting an operator with conformal dimension one, as one can easily 
verify using the explicit expression for T(z) and OPEs which a re u nchanged 
w.r.t. the case without Wilson line and the mass shell condition ( |2.6| ), 

3 The CFT of two separated bosonic branes. 

We want now to write down the vertices describing open string states associated 
with a system of two parallel separated branes or with a system of separated 
brane-antibrane. 

If we solve the equations of motion associated with the free bosonic action 
with some directions i £ {0, ...,p} with Neumann boundary condition and 
the remaining directions a G {p + 1, . . . , D — 1} satisfying Dirichlet boundary 
condition we would get that the D directions can be expanded in modes as 

(3.1) 



If we perform a canonical analysis of the system we would naively find that c a 
and A a are pure numbers without corresponding conjugate momenta. Never- 
theless if we use Polchinski's trick (|jl|]), i.e. we start with Y a = X^{z) + X^(z) 
(z = e^ r+CT ', z = e*( r ~ CT ) ) with Neumann boundary condition and with expan- 
sion in modes as in eq. ( |2.3| ) and the we perform a "T-duality" by letting 

X a R (z) - -X%(z) (3.2) 




we recover the wanted Dirichlet expansion fl3.l| ) with the further information 
that 

— = 2a'p a N , \y a M=vf b (3.3) 

which inform us that ^- is actually an operator whose conjugate operator is 
given by ^y b - This result is completely analogous to what happens in toroidal 



compactification in closed string theory where the winding number turns up to 
be an operator only when the T-dual formulation is considered. 

Let us now exam the stress-energy tensor of this system; it is given by the 
by now well known expression 

1 A a A °° 

H = L = a'p l pi + — ^- + Y^ a_„ • a n (3.4) 

4a ir z *■ — ' 

n— 1 



which can be trivially obtained from eq. ( |2.4|) u sing the mapping (3.2). 



The point with previous expression eq. (3^) is that given a system brane- 
(anti)brane separated by a distance d a the ground state | S > is not sl(2) invari- 
ant, i.e. the energy vacuum is not zero because of this it can be created from 
the sl(2) invariant vacuum | > by acting with y a , explicitly 

| 6 >= e^'S^I >= (: e'i^ ya :) (0)| > (3.5) 

This is somewhat analogous to the relation between the R sector vacuum and 
the NS vacuum. 

As a consequence of this the mapping between states and vertices is a little 
different from what naively we could have expected; let us consider for example 
the tachyonic state \ki,S a ;c a > where the mass-shell condition is a'k l ki = 
1 — 4ct ,^j , then the vertex operator which creates it from the sl(2) vacuum is 
given by (a kind of "Chan-Paton" factor has to be understood in order to keep 
track of the point where the string begins) 

Vtach(k, S; x) =: e <*'*'(«> : : e'af^'^ : (3.6) 

where it is important to notice the presence (not a priori obvious ) of the co- 
ordinate expansion Y a with Neumann boundary condition in the direction in 
which we have imposed Dirichlet boundary condition; this is very important 
since it assures that the vertex has the proper conformal dimension one. In few 
words we can say that we use the old NSR tachyon vertex operator where we 
reinterpret part of the momentum components as "distance". 

4 The potential of a brane-antibrane system in 
type II theory 

We have now all the ingredients necessary to write down the vertex operators 
which describe the fields relevant to a low energy description of the system made 
by the parallel couple Dp — Dp: 

• the U(l) field living on the brane Ai and the corresponding living on the 
antibrane At ; 

• the scalar fields describing the transverse oscillations 4> a and the corre- 
sponding living on the antibrane <j) a ; 



• the tachyonic field T describing the open string stretched between the 
brane and the antibrane and its charge conjugate T which describes the 
open string with the opposite orientation. 

Their explicit form is given in app. O we do not write them here because we 
do not need them for our explanation. 

For these fields we can write down the most general quartic effective la- 
grangian with at most two derivatives either as a lagrangian defined on the 
brane 

\FUFv - i, 



Cop = -~ A F l3 F l3 - ^d i <f>ad i <f> a - DiT D*T - m 2 TT 



-v a <i> a TT - VabWTT - v ahcd <f> a <f> b cf> c <f> d - A (TT) 2 (4.1) 

(Di = dt — ie Ai) plus the analogous lagrangian for the action defined on the 
antibrane when the brane and the antibrane can be distinguished or as a unique 
lagrangian 



DiT D*T - m 2 TT - 2A (TT) 
-v a 4> a TT -V^TT 



2 



-v ah ^ a 4> h TT - 2V ab cp a cp b TT - v ah ^^ h TT - v abcd r^<i> c <f> d - v a*^ <$> h <F <f 



(4.2) 



(Di = di — ieAi — ieAi ) when the brane and antibrane are undistinguishable. In 
this latter case we have not written the a priori possible potential terms mixing 
4> and 4> since it is not possible to draw a picture of the correspondig string 
amplitude. 

In both cases we can immediately fix 

Vabcd = V a bcd = 

since the subset of this theory made by the U(l) gauge field and the scalars can 
be obtained by a dimensional reduction of the Af = 1 D = 10 super QED which 
is a free theory (moreover this can be checked by an explicit string computation) . 
From the knowledge of the open string spectrum we can fix the mass of the 
tachyon when the branes are separated by a vector S — (S a ), normal to the 
brane and whose modulus is the distance, to be given by 

2a' \2na'J ' 

Our purpose is now to determine all the remaining coefficients entering the 
previous effective lagrangians ( p~l] . |4.2| ) and then study the effective potential to 
see whether the tachyon condense and whether other phenomena take place. To 



this purpose we first compute the 3-points amplitudes, then the 4-points ampli- 
tudes and with the help of the factorization property of the latter on different 
channels we determine the normalization of the vertex operators. Finally taking 
the low energy limit we derive the wanted coefficients as a function of the U(l) 
coupling constant e 2 . 

In the following we partially use the notation of (PI), i.e. we denote by 
W the ghosts and superghosts independent part of the corresponding vertex 
operator V in —1 picture and similarly for V and the picture, but we use the 
more conventional normal ordering for the zero modes and we take the string 
worldsheet to be the upper complex plane. 

4.1 The 3-points amplitudes with one brane field. 

We start computing the TTAi amplitude in the F 2 formalism and 

= Co < 0\W T (ki;ai;x = oo)V T (k 2 ;ai;x= l)W A {k 3 ,C\x = 0)|0 >= 

= (2n) p+1 6{J2 k) )-2a'C Q N%N A Vx i \k - %i] ■ C (4.4) 

where k 2 = {k% + 7reoa), k\ = {k\ — 7reoa), Cq is the tree level amplitude nor- 
malization, Nt,Na are the vertex operators normalizations discussed in app. [(J 
following (Jl(|), e is, as before in eq. (£j]), the charge of the open string which 
describes the (anti)tachyon, aj is the constant background U(l) field which we 
switch on on the brane and 5 = (S a ) is the distance between the brane and the 
antibrane. 



We can now compare with the truncated amplitude computed from ( 4.1 
app. [|: 

< T(k 1 )T(k 2 )A l (k 3 ) >truno= -i(2t:) p+1 5 (j^ k ) ^ (^1 - fe) 
where k\ — ki — eo^ and ki — fe -I- eat . This leads to the first two relations 



e = -a'C Af£N' A V± (4.5) 

e = — 7reo (4.6) 

which relates the U(l) coupling constant to the various normalization factors 



and to the charge of the open string endpoint on the brane (see eq. (|2.l|)). 

We can now proceed further and compute the other non vanishing 3-point 
amplitude which describes the coupling of the tachyon with the fluctuations 
transverse to the brane: 

^TT^( k ^ k ^ k 3,a;a t ;S) = 
= C Q < 0\WY(ki',a>i',x = (X))V T {k2]a 2 ;x = l)W^{k 3 , a; x = 0)|0 > 

= (2ir)P +1 5(Y / k)2a / C M^ A V ± i 7 ^ (4.7) 



From the comparison of this amplitude with the corresponding one computed 
in QFT as done in app. [B| 

< T(fci)T(fc 2 )0 a (fc 3 ) >trunc= -i(2tt)p +1 5 (J2 k) iv a 

we find that the parameter v a is proportional to the distance between the branes 
in the direction a; more precisely we get 

i/o = 2a / CbA/^A/UV1^7 = -2e-^ 7 (4.8) 

Zira Zira' 



where we used eq. (4.5) to write the last identity. 



4.2 The 3-points amplitudes with one antibrane field. 

We can now repeat all the computations of the previous subsection with the 
substitution of the brane vertex operator with an antibrane vertex operator and 
with the proper rearrangement of the tachyon and antitachyon vertex operators 
which is necessary to be able to draw the corresponding graph. 

In particular we can compute the TTAi amplitude as done before and get 

A T jTj i (k2; kv, k3, C an S) = 

= C < 0\W T (k 2 ;a l ;x = oo)V T (k 1 ;a l ;x = l)Wj{k 3 , C; x = 0)|0 >= 

= (2n) p+1 S{J2 k) a'CoN^NAV^ (-*) \k 2 - %] ■ ( (4.9) 

and then compare with the tru ncat ed amplitude com puted either from the anal- 



ogous for the antibrane of eq. ( |4.1| ) or from eq. p.2[) : 

<T(fc 1 )T(fc 2 )A 4 (fc 3 ) >trunc= ~t(27T)P +1 s(j2k) is(%i-ha) 
This leads to the expected relation 

e=-e (4.10) 

which relates the two U(l) coupling constants. 

We can now compute the other non vanishing 3-point amplitude: 

Aj.j^ih; k 2 ; k 3: a; af, S) = 
= C < 0\WT(ki',Oi;x — oo)V7p(k 2 ; ai] x = l)W-r(k 3 ,a;x — 0)|0 > 

= (2iry +1 5(J2k)2a'Co^M A V ± (-i) 1 ^ (4.11) 

which when compared with the QFT amplitude 

< r(fc 1 )T(fc 2 )0 a (fc 3 ) >trunc= -i(2n) p+1 5 (J2 k ) iVa 

yields 

S a 
v a = -v a = +2e- — - (4.12) 

Zira 



where we used eq. (4.5) to write the last identity. 



4.3 The two tachyons - two antitachyons amplitude. 

We now want to compute the 2 tachyons - 2 antitachyons amplitude which is 
given by the following expression in the F 2 picture 



Arprprprp \K\ \ K 2 J A^ ', K^ J O^ j + Arprprprp (^2 j ""3 J ""4 j "-1 ) ^1 J 

= Co / dx < 0|Wjr(fci; Oj; 2 = oo)Vt(&2; «i! 2 = 1)^(^3; «»; s)Wr(fc4; a*; 2 = 0) |0 > 
Jo 

+ Co / da; < 0|Wr(fc2! a i; z — °°)^%(^3; a «; £ = l)Vr(A4; a^; aj)Wy(fci; a,-; z = 0) 1 > 

9 * f9»v+i^r ^ p KfW r(2a%-if4 + i)r(2 tt %.if 3 ) 

- 2*(2^ 8(L k) C M T V^ r (1 - ^^ - ^ - 2a ,^ K ^ (4.13) 

where we have introduced the following notations 

Ki,3 = (^1,3,-- - I = I fei,3 - ire Q a, 



2-kol' ) \ 1~na! 

K 2 a = [ k 2 ,4, -z 7 ) = [ ^2,4 + 7re a, 



2ira' J \ ' lita! 

The introd ucti on of the shifted momentum k and k is justified by the mass shell 



condition (|2.6|). By writing this amplitude in this way it can be easily seen to 
be the old Lovelace amplitude with a new interpretation, exactly as it happened 
with the bosonic tachyon vertex operator (|3,£|). 

It is now worth discussing a subtlety concerning the previous amplitude 



( 4.13 ) which we wrote as the sum of the TTTT amplitude and of the TTTT 
amplitude. At first site this latter amplitude TTTT should not be here since it is 
the ciclyc permutation ot the former: this is not true, this amplitude is different 
from the first one considered since the intermediate states are antibrane states. 
Another way of explaining why it has to be here is to notice that we have two 
photons and each of them gives raise to its own s and t channel. 
If we introduce the appropriate Mandelstam variables 

ki +k 2 ) t = — ( fei + %a ) u= - (ki + k 3 , 



s + t + u = Am 2 (4-14) 

t hen the low energy limit (\a's\ <C 1, \a't\ <C 1, |a'm 2 | <C 1) of the amplitude 



( |4.13[) can be computed as 



A TTTT (k i; k 2 ; k 3 ; fc 4 ; a % ) ~ (27rf +1 <5(^ k) -^C ^V ± ^A (1 + a' {a + t)) 



a st 



It is important to notice that while one would think the factor (1 + o/(s + 1)) 
to be subleading, it is fundamental for getting both the proper s and t channel 
factorization and the right quartic coefficient A. 



Following the appendix of (||l0|) we get from the s — > channel factorization 
at any t on the brane (from the A^ T -^ T only) the new relation 



2 CoJ\rpV± 



2a' 2 C N 2 A V±_ = 1 



(4.15) 



while all the other relations which arise in this and the other channel are then 
trivially satisfied. 

From the the 2 tachyons - 2 antitachyons QFT amplitude in the case of 
undistinguishable worldvolumes as it is can be easily deduced from what is 
carefully computed in app. M using eq. (4.2) 



< T{k 1 )T(k 2 )T(k 3 )T(k i ) > trunc 
-i(2tt)p +1 5 (J2 k) { [4A + ° 2 ('-")+"°" a + « 2 («-"H^^ 

I a\ j_ e 2 (t— u)+~ a V a , ~e 2 (s-u)+V a V a ^\ \ 

and using the values obtained for e ( 4.15 ) and for v a ( |4.20[ ) we can easily get 
that 

(4.16) 



* = T 



We want to stress that this result is independent of the assumption that the 
worldvolumes are undistinguishable since otherwise we should have considered 
the two amplitudes At^ t -^ t and A T 7p T 7p separately and we would have obtained 
the same result. 

The result is also independent of the values of the Mandelstam variables. 

4.4 The 4-points amplitude TTc/xfi. 

Let us now turn our attention to the 4-points amplitude which we need: the 
TTcjxj) amplitude which is given by 



Aj; T! f )! f ) (ki;k2;fo,a;k4,,b;ai) = 

= Co / dx < 0\Wjr(ki; af, z = oo)Vr (k 2 ; af, z = l)V < p(k 3 ,a;x)W ( p(k4,b- 1 z = 0)|0 > +(a <-> b) 
Jo 

= (2Tr) p+1 S(Y / k) (2a 'f 'CoNpJlV ± * 

5 a S b T{l + 2a'k 3 -k i )r(2a'k 2 -k 3 ) §a b T (2a'k 3 • fc 4 ) T ha% • fc 3 + 1 



27ra' 2na 



' r (l + 2a'fc 3 • k A + 2a'k 2 ■ k 3 ) 2a ' T (2a'k 3 ■ k± + 2a'k 2 ■ k 3 ) 



When we define the Mandelstam variables for the TT — > cjxf) process 

•■' = - ( k\ + k 2 J t = - (ki + ki) u = - I fci + k 3 J 

(4.18) 



+ (k 3 ^ ki) 
(4.17) 



s + t + u = 2m 2 



the low energy limit (\a's\ <C 1, \a't\ <C 1, |o/to 2 | <^C 1) is then given by 

AT T ^(ki;k 2 ;k 3 ,a;k 4 ,b; ai ) ~ (27r)P +1 <S(^ k) (2a'f C Af^AflV ± 

1 S a S b f 1 1 \ 5 afc 

a' 2ira' 2ira' \t — m 2 u — m 2 J 2a' 

From the factorization in the t ~ m 2 , u ~ to 2 channels we get the condition 

a'CoA/fVi = -1 (4.19) 

while comparing with the corresponding QFT amplitude 

< T(fc 1 )r(fc 2 )0 a (fc 3 )0 b (fc 4 ) > tru „ c = -i{2v) D 5 (V A*) f 2^ Qb + -^\ + -^ 



and using eq.s ( 4.20 4.15 , 4.19 ) we find the wanted quantity 



v a b = e 2 S ab 



(4.20) 



4.5 The 4-points amplitude TTcfxfi. 



The computations involved in this section are almost the same as the ones done 
in the previous subsection; we have to compute the amplitude 



Apj^fci; fc 2 ; k 3 , a; fc 4 , 6; a*) = 

= C / daj < 0|Wr(fc 2 ;ai;z = oo)Vj^(kf, af, z = l)V^-(fc 3 ,a;a;)M^(fc4,5;z = 0)|0 > +(a <-►&) = 

« 

= (2ir)P +1 5{J2k) (2a'f C N%N\V X * 

S a S b T (1 + 2a'k 3 ■ k 4 ) T ha'h ■ k 3 ) S ab r {2a'k 3 ■ k 4 ) T 0ia% ■ k 3 + 1 



2ita' 27ra' 



r ( 1 + 2a'k 3 ■ k A + 2a' ki ■ h 



la ' r (2a' 



k 3 ■ ki + 2a'/ci • fc; 



write the low energy limit (\a's\ <C 1, \a't\ <C 1, |a'm 2 | <C 1) using the Mandel- 
stam variables (4.18) 

\2 . 



A T¥U (k 2 ;k 1 ;k 3 ,a;k i ,b;a i ) ~ (27r)P +1 <S(£ fc) (2c/) CoA#A/2Vi 

1 <5 a S b ( 1 1 \ S ab 

2a' 



v a Vb 



VaVb 



a' 2ira' 2ira' \t — m 2 u — m 2 
compare with the corresponding QFT amplitude 

< T(ki)T(k 2 )^ a (k 3 )^ b (ki) >tmnc= -i(2ir) D 6 (j^ fcj) (iB^ 

and find the expected result 

Vab = e 2 S ab 

We notice that factorization in the t and u channels does not yield any new 
condition on the normalization coefficients. 



u — m t — m 



(4.22) 



(k 3 «-» k^ 
(4.21) 
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4.6 The 4-points amplitudes with one brane and one an- 
tibrane field. 

We now consider t he T6 T<f) amplitude that, when we use the same momentum 
indexing as in eq. (4.17), is given by 



A Trh jn:(k2; h, a; fci; fc 4 , 6; ai) 



'T<t>T<t> 



Co / dx < 0\WT(k2',ai',z = oo)V^,(k3,a;z = l)Vj;(ki; ai; x)W-r(k4,, b; z = 0)|0 >= 



{2Tr) p+1 6(J2k) {2a') 2 C N$N 2 A V^* 
S a fib T (2a% ■ k 3 "\ T (la'kx ■ fc 4 
2lra ' 2lra ' r (2a% ■ k 3 + 2a% ■ fc 4 



5 ab r (l + 2a' ki ■ k 3 ) r (l + 2a' kx ■ k 4 

\'k\ ■ fc 4 j 



( 



r 1 + 2a'k x -k 3 + 2a 



Using the same Mandelstam variables fl4.1<j ) as for the the TTcfxfi amplitude the 
low energy limit (\a'u\ <§C 1, \a't\ <C 1, |a'm 2 | <ti 1) is then given by 

AW fc 2;fc 3 , o;Ai;fc4,6;Oi) ~ (27r) p+1 <5(^ k) (2a'f C Q Af^AflV ± 

1 5 a S b ( 1 1 \ 6 ab 

a' 2ira' 2ira' \t — m 2 u — m? ) 2a' 



channels while the comparison with the corresponding QFT amplitude 



< T(fc 1 )r(fc 2 )0 a (fc 3 )0 h (A ;4 ) > trunc = -i{2v) D 5 (J2 h) ( 2v ah 

gives 

v a b = -e 2 5 ab 



V a Vb 



V a Vb 



u — m 2 t — m- 



(4.23) 



5 The effective potentials and Conclusions. 

Before deriving the effective potentials a few words on the role of the GSO 
projection in this derivation are now necessary: we have not mentioned the 
GSO projector until now because it was not necessary for the computation of 
the low energy action, would we have been interested in the higher derivatives 
corrections then we should have inserted the proper GSO projector in the 4- 
points amplitudes in order to prevent the propagation of unwanted states. 

Let us now examine the meaning and the reliability of what we have done: 
for distances near the critical one, i.e. such that a'm 2 — > as a' — > 0, the 
tachyon is almost massless and therefore the low energy action must take it into 
account but now the critical distance is 8 ~ \fa! which is of the order of the 
lowest distance which can be probed by strings, therefore it cannot be asserted 
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without doubts that the two branes worldvolumes are distinguishable, hence we 
have to see the consequences of assuming them to be distinguishable or to be 
undistinguishable. 

We start assuming the worldvolumes to be separated and distinguishable in 
the effective theory then, with all the constants computed, we can now explicitly 
write down the potential as a function of the U(l) coupling constant, of the 
distance S a and of the constant U(l) background field aj as 



V, 



eff 



2 i 

e a at 



1 
2a 7 



5 a 

27ra' 



TT 



(TT) 



(5.1) 



This is the effective potential on the brane separated from the antibrane, the 
effective potential on the antibrane can be obtained by e — > — e . 



This effective potential (5.1) shows that the tachyon condenses for all the 
distances, thus breaking the 17(1) gauge symmetry and that the transverse fluc- 
tuations 4> get an vev proportional to S. In fact when the brane and the antibrane 
are parallel to the the axes and separated only along the, let us say, the ninth 
direction we can shift </>g = $ + 2 J a , - and then we can write the mass part of 
the effective potential after the tachyon condensation as 



*mas 



1 



2a'e 



',:,2 



$2 



1 

2a' 



-.MA 1 



(5.2) 



which reveals that the only relevant low energy dof are the transverse fluctua- 
tions in directions different from 9. This suggests an alternative way to the one 
proposed in (||) for explaining the fate of the gauge symmetry which seems to 
survive on the worldvolume of the coincident brane-antibrane system after the 
tachyon condensation when brane and antibrane annihilate: there is actually 
no residual gauge symmetry to bother about. This can be justified by noticing 
that for near critical distances both the U(l) on the brane and the U(l) on the 
antibrane are broken, then we can try to argue that this result is valid to all 
distances by noticing that we have apparently no dependence on the distance 
on the tachyon condensation and that eq. (5.2) can be applied for all distances. 
Howevern, the d.o.f. seem to be wrong because we have apparently only one 
d.o.f. associated to the tachyon phase which we are using to give mass to two 
photons; one could try to argue that the tachyon has a finite size even if it is 
massless and therefore it can give nonlocal effects. This kind of argument can 
eventually be used to explain the appearance of the amplitude TT — > (fxj> which 
from the brane worldvolume point of view is problematic since it would be seen 
as TT — » cj> which violates the momentum conservation. We want to point out 
that this kind of non locality is also present in the usual parallel branes con- 
figuration, for example in the W + W~ — » 7172, where 74 is the photon living 
on the i-th brane, but now it happens at much higher energies, of the order 
of the Planck mass since this is the W mass when worldvolumes are definitly 
distinguishable; we would therefore expect to see some sign of this in the proper 

3 We thank S.-J. Rey for pointing this out to us and for correspondance on the subject. 
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extension of Dirac-Born-Infeld action since it can be interpreted as the effective 
action after the massive mode have been integrated out. Nevertheless we think 
that this interpretation is very problematic. 

Let us now assume that the other possibility is true, namely that the branes 
have an undistinguishable worldvolume even if the distance is almost stringy. 
In this case it is not difficult to see that the effective potential of the system is 
given by 



V, 



eff-tot 



e 2 (a - of (a - a) ■ - — + f 



1 ( , . -* S a 



- e 2 _ 
TT+2* — (TT) 



' a 2na' 

(5.3) 

This effective potential (5.3) shows that the tachyon condenses for all the 

near to critical distances, thus breaking the non diagonal 17(1) C U(l) (8> U(l) 

gauge symmetry since the tachyon couples now only to this gauge group as it 



can be deduced from the effective action (4.2). In this way we are left with the 
well known puzzle about the fate of the diagonal U(l) but we solve the previous 
puzzle about the d.o.f.. 

It can also easily be seen that the transverse relative fluctuations <\>— <\> (which 
is the partner of A — A in dimensional reduction) get an vev proportional to 5; 



let us again consider the same configuration which led to eq. (52), i.e. brane 
and antibrane parallel to the the axes and separated only along the the ninth 
direction, then we can shift 4>g — (f> g — $ + 2lTa , - and write the mass part of the 
effective potential as 

V mass = ^$ 2 + ± (A-A) t (A -A)' (5.4) 

There is a nice interpretation for the shift <^g — </> 9 = $+ 2t ^ - : the brane and the 
antibrane tend to move closer, as one would naively expect (0), furthermore 
because of the mass which is acquired by the <f>, which decribes the relative 
oscillation, the system tends to remain stable once it collapses. We can now 
ask ourselves what happens at substringy distances where the tachyon is a real 
tachyon with an absolute mass of the order of the Planck mass. The first 



observation is that we can probably still trust this result since eq. (5.4) shows 
that both <f> and A — A have to be integrated out, their mass being independent 
of 6, and there is not any obvious mechanism which could make them massless 
again. The second one is that no open string states can break the diagonal f (1) 
since they are described by oriented strings which have opposite charges w.r.t. 
the two different U(l)s. 

As far as the vacuum energy density after the tachyon condensation we can 
easily find 

^vacuum— pert — ^ * "^ ^ 2 

which is not the true non perturbative value which has been argued to be equal 
to twice the brane tension ([||) and which, in this units, is given by 



-'■vacuum 



= -2* 
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as it can be deduce from the Dirac-Born-Infeld action 

1 



S dbi = , 9 * 2 [dr +1 Zy/-dct(r,-2™'eF)~ / — -1 
(27ra') z e z j J (27ra' 



2 e 2 4 



This does not come as a surprise since there are not obvious symmetries which 
could justify the coincidence of the perturbative and non-perturbative results. 
This point of view is further supported by the fact that in ([||) it was necessary 
to use non perturbative arguments to argue the equality of the brane tension 
with the vacuum energy after the tachyon condensation. 

It is nevertheless important to have found the Mexican hat potential at 
this order since it would have been extremely difficult to justify the tachyon 
condensation at higher order. 

We can conclude by saying that we have found further evidence for the 
tachyon condensation and shown how the brane-antibrane system becomes bound 
because of tachyon condensation. 
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A Conventions. 

• Indexes: \x, v £ {0, . . . , 9}, a, b £ {0, .. . ,p— 1}, i,j £ {p, . . . , 10} 

• Metric: G^ v — diag(—l, 1, . . . , 1); g a p = diag(—l, 1) 

9 

• Momentum eigenstates normalization in string amplitudes: < k\k' > = 
2n 5(k - k') —^compact 2nR 5k,k' 

B Scattering amplitudes in QFT on a toroidal 
space with constant Wilson lines. 

We consider the following lagrangian which describes a complex tachyon with 
quartic potential coupled to a E/(l) gauge field and to n scalar fields in D 
dimension: 

1 1 



-u a (j) a TT-u a p(f> a ^TT-X(TT) 2 (B.l) 

where F^ = d^A v - d v A^ D M = <9 M - ieA^, -m 2 > and g aj3 = 5 af3 . 

Now we want to compute some tree level scattering amplitudes, such as 
TT — ► TT, on a spacetime R (g> T D ~ X in presence of a constant potential along 
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the compact directions A fi (x) = a fJi + B IJi (x) (ao = ). To this purpose we define 
-D(o)^ = d^ — iecin and we use as free gauge fixed lagrangian 



1„ , „ 1 



Co = --d^A^A" - -d^ a 0^ a - D {0)ll T DfcT - m 2 TT 
We define the Fourier transform of a generic field $(x) as 

*(*0=i-^e to $(fc) 

We can now apply the standard perturbation theory formula Z[J] = J 2?$ exp (i J £ + J<E>) 
exp (— i J d D x V {—ijj)) Zq[J\ where we have explicitly set J J<f> = f d D xT{x)J(x)+ 
T{x)J{x) + B^{x) J»(x) + A a (x) J a {x) and we obtained 

Zo|J| ^ xp (,^^w + -i^^ + ZW) (B „ 

where we have defined the following shifted momenta 

Kfx rCjU €"fj, = K>fA &Q>}_L 

We easily get that the terms in Z[J] which contribute the T matrix are 

o 

(tree) _ ^ TT dh D /^ \ . ^ /■> j?\ JJjkl) JJ(k 2 ) U^ifa) 



Z[J] \(tree) = _ ^ A J^_ { )D $ fy \ ( _ } ^M _ f 



m^ = -i$f[^^(E 



and 



zJ(fci) zJ(fc 2 ) ^J a (fc3) 

rv7 I % Is rv ~ 

1.9. . 9 _ 

fc 2 + III- 



z[J}\% 
(k 

r 2 V 


r = -%> 

- fcij • ( fc 4 - 

(fci + fc 2 ) 2 


-p-p dfcj 

Li (2-) 

-£ 3 ) 


r ( 2 -)^(E' 

(fcl+fc 2 ) 2 


V fc 

2 (fc 4 


J(fcl) ? J(fc 2 ) 

2 1 2 ^ 2 

fc 2 + m 
— fci J • (fc 2 - fc 

(fci + fc 4 ) 2 


zJ(fc 3 ) 

fc| + TO 2 

3) 


iJ{ki) 

^2 

fc 4 + m 2 




(fcl 


+ fc 4 ) 2 



„ rrl| (tree) ^ TT dfci fo \D x (s^ 1 ^ iJ ( fcl ) * J ( fc2 ) iJ a (h)iJ l3 (ki) 
Z l J \\nJ =-0L 7TTs( 2 ^) <* >> TT" 0^2 J3 TJ— 



hi.} 2 ~ A^LLm \2 l ' \L~i V ;'~2 , 2 ^ 2 j,2 1,2 

^tli 2 *) 2 V /fc2 + m fc 9 + m 2 fc3 fc4 
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From these terms in the partition function we can compute the truncated Green 
functions as 



< T(ki)T(k2)4> a (k 3 ) > trunc = -i(2-n) D 5 (S^ fc Wa 

< T(fcl)T(fc 2 )0 Q (fc 3 )^(fc 4 ) >trunc= -i{2lT) D 5 (j^ fe) 

„ V a Vp V a Vf3 
*> v aifi ~ 2 ~ 2 

(h + h) +m 2 (h + h) +n 

< T(k 1 )T(k 2 )T(k 3 )T(k 4 ) >tmnc = -i(2tt) d 5 E ki) 

(k 2 - kA ■ (k 4 - k 3 J VaV a [ki-kA-i fc 2 -k 3 J 



4A 6 (k 1+ k 2 ) 2 (k 1 + k 2 f ' ( fel +^) 2 ^ +k ^ 

where we have divided by — ^—n-^i for any d> and A external leg, — ^—n-^- — 

(2tt)TT * b ( 27r )T fe +m2 

for any external T leg and for — ^—n- j—^ — 7 for any external T leg. 
J ° (27r)^ fc 2 +™ 2 J ° 

The factors we have to use to find the truncated Green functions are derived 

from the poles we can read in the 2-points Green function which can immedi- 



ately computed from (B.2), hence we deduce that proper way to measure the 

momentum for an antitachyon T(k) is k and similarly for T( fc) a nd k; moreover 
this is also supported by the string mass shell condition (|2.6|). As a conse- 
quence of this observation we define the Mandelstam variables in the TT — * TT 
amplitude as follows 

s = - (fci + h) t = - (fel -f fe 4 ) u = - (fci + fc^ 



s + 1 4- u = Am 2 
so that we can write the amplitude as 

< T(k 1 )T(k 2 )T(k 3 )T(k i ) >trunc = -i(2n) D S (j^ h 

e 2 (t — u) + v a v a e 2 (s — u) + v a v a ~ 



4A + 



t 



In a similar way we can introduce the proper Mandelstam variables for the 
amplitude TT — > </></> 

s = - f fci + fc 2 J t = — lki + kA u — — ( fci + k 3 
s + t + u = 2m 2 
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so that we can rewrite the truncated Green function as 



< 



T(fc 1 )r(fc 2 )^(fc 3 )^(fc 4 ) >tr««c= -i(2n) D 5 (Y^ki) (lv a(i + ^^ + -^^) 



C String vertex operators for the system Dp — Dp 
with constant Wilson lines in the wordvolume 
of the brane. 

In writing the following vertex operators we denote with ip l the ws fermionic 
fields with indexes parallel to the brane, \& a the ws fermionic fields with indexes 
perpendicular to the the brane and Y a the Neumann expansion corresponding 
to X a which instead have Dirichlet expansion. 

In the text we use the same notations of (|Q) and we denote by Wt the 
part of Vj, independent of ghosts and superghosts, similarly for Vr and V^ 
and all the other vertex operators. 

In all the next vertex operators a kind of "Chan-Paton" factor has to be 
understood. Its role is to keep a record of the point in spacetime where the 
string begins; without it there would be no information of this. 

Tachyon vertex operators 

5 



V { r\k,S;a;x) = y/2o?Mr c [ (k + ireod) • i/> + - — - • * e^+^^e*^ 

\ ZTTOt J 

V ( T 1] {k,5;a-x) = Af T ce~* e i{k+7teoa) - x e l ^ Y 

We have inserted a \J1a' in the vertex in the picture because all the vertex 
operators must have the same engineering dimension in spacetime. 

Antitachyon vertex operators are obtained by S — » —5 and cq — > — eg. 

U(l) gauge field vertex operators 



V A 0) (k,(;x) = iH A c C • (x - lot il> k ■ ip\ 

V { A 1] (k, (; a;) = iV2^N A ce" C ■ ipe' 



e ik.x 



Jk-X 



We have again inserted a \J1a! in the vertex in the —1 picture because all the 
vertex operators must have the same engineering dimension in spacetime. 
Transverse field <j) a vertex operators 

vf (k, a; x) = iAf A c (X' a - 2a' * a k ■ </>) e* X 

VJ _1) (fc,C;a!) - iVMAfA ce-^ a e lk - x 

Here we have used the same normalization coefficient iJ\f A as for the U(l) gauge 
fields because the are in the same supermultiplet; this can be checked directly 
from factorization. The presence of the a derivative in the picture vertex 
operator can be easily understood in the old F^ — F\ formalism: infact starting 
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from the vertex operator W$(a = r = 0) in the F\, a.k.a. — 1 picture, we 
compute the vertex in the F% picture by V$(<j = r = 0) = [G r , W$(<j = r = 0)], 
since the expressions for the G r are the same as in the usual NSR string then 
the V(j,(a = r = 0) has the same expression of the corresponding operator in the 
usual NSR theory in term of operators, but now we have Y(a = 0) = X'{a = 0). 
Using eq.s (4.5,4.15 |4.18| ) we deduce that the normalization factors are ex- 



pressed through the U(l) coupling constant e and a' as 

M A = e 

N T = i{2a')ijV A 
1 



Cn = 



2a' 2 Vie 2 
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